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We exactly calculate the momentum-dependent criti-
cal exponents for spectral functions in the one-dimensional
anisotropic t-J models with a gap either in the spin or charge
excitation spectrum. Our approach is based on the Bethe
ansatz technique combined with finite-size scaling techniques
in conformal field theory. It is found that the spectral func-
tions show a power-law singularity, which occurs at frequen-
cies determined by the dispersion of a massive spin (or charge)
excitation. We discuss how the nontrivial contribution of a
massive excitation controls the singular behavior in optical
response functions.
PACS: 75.10.Jm, 05.30.-d, 03.65.Sq
The dynamical spectral properties of one-dimensional
(1D) highly correlated electron systems have been in-
tensively studied. For example, there are a number of
recent experiments on angular resolved photoemission,
[1–5] which have revealed some striking properties inher-
ent in 1D systems, such as the spin-charge separation.
[5] Also, extensive theoretical studies on spectral func-
tions have been done numerically [6–11] and analytically.
[12–14]
A remarkable point in the recent photoemission experi-
ment [2] for the insulator compound SrCuO2 is that it has
successfully explored characteristic properties of a single
hole doped in the 1D Mott insulator. In such insulat-
ing systems, only the spin sector is massless (Tomonaga-
Luttinger (TL) liquid), while the charge sector is massive.
This type of 1D electron system is sometimes referred to
as the Luther-Emery class, for which either spin or charge
excitation is massive. It was naively believed that the
one-particle Green function for such systems with mas-
sive excitations would show exponential decay instead of
the power-law singularity. However, Sorella and Parola,
[15,16] and Voit [17] theoretically predicted that the dy-
namical spectral functions for these systems still show
the power-law singularity at threshold energies, charac-
terizing the critical properties of a doped hole in the 1D
Mott insulator. In particular, Sorella and Parola [16]
have demonstrated the above point by using the exact
solution of the supersymmetric t-J model and conformal
field theory (CFT).
Motivated by the above investigations, we study the
spectral properties of 1D highly correlated electron sys-
tems with a gap either in the spin or charge excitation
spectrum. For this purpose, we consider two types of
instructive models for 1D correlated electron systems:
the first model is the integrable anisotropic t-J model
[18] away from half filling, for which the charge (spin)
sector is massless (massive). The other one is the hole-
doped XXZ Heisenberg spin chain, which is realized by
the anisotropic t-J model in the limit of half filling with
the condition J→0. We explore this model as a typical
system which has massless spin (massive charge) exci-
tations. We exactly calculate the critical exponents of
spectral functions for both of these models, by exploiting
finite-size scaling ideas in CFT. We discuss the critical
properties of the optical response functions in terms of
the momentum-dependent critical exponents obtained in
this paper.
Let us start with the 1D anisotropic t-J model, which
possesses a gap for spin excitations. This model is a
deformed supersymmetric t-J model which was exactly
solved by Bariev, [18]
H1 = −
∑
i,σ
P(c†i,σci+1,σ + c
†
i+1,σci,σ)P
+
∑
i
(c†i,↓ci,↑c
†
i+1,↑ci+1,↓ + c
†
i,↑ci,↓c
†
i+1,↓ci+1,↑
− e−ηni,↓ni+1,↑ − e
ηni,↑ni+1,↓), (1)
where the operator P = ΠNj=1(1 − nj,↑nj,↓) projects out
the Hilbert space without double occupancy at all sites,
and η is a deformation parameter which parametrizes
the anisotropy of the interaction. In the isotropic limit
(η→0), the Hamiltonian (1) reduces to the conventional
supersymmetric t-J model which was exactly solved,
[19–22]and its conformal properties were clarified. [23]
It is known that the spin excitation for (1) is always
massive, while the charge excitation is massless away
from half filling. [18,24] Hence,this model allows us to
discuss the spectral properties of the system with the
massless charge and massive spin excitations. We wish
to emphasize here that although the following analysis
is performed for the above specific model, the obtained
results can be generally applied to 1D correlated electron
models with the spin gap, such as the attractive Hubbard
model.
In the following, we derive the one-particle Green func-
tion in the low-energy regime and the corresponding
critical exponents. To this end, we derive the relevant
Bethe equations which specify excitations when one elec-
tron is removed from the system. These equations can
be straightforwardly deduced from those obtained by
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Bariev. [18] The result reads
(
sin(Λα + iη)
sin(Λα − iη)
)N
= −
sin(Λα − λ+ iη/2)
sin(Λα − λ− iη/2)
×
M∏
β=1
sin(Λα − Λβ + iη)
sin(Λα − Λβ − iη)
, (2)
where N (M) is the number of sites (down-spin elec-
trons), and Λα (α = 1, 2, . . . ,M) are charge rapidities
which classify collective charge excitations. Note that
a spin rapidity λ also appears in the above equation,
which characterizes a massive spin excitation induced by
the injected hole. Although massive spin excitations do
not directly enter in the low-energy physics, they control
the critical behavior of massless charge excitations via
the nontrivial coupling between charge and spin sectors
represented by (2), as will be shown momentarily.
In order to apply the sophisticated methods developed
in CFT, [25] we now analyze the finite-size corrections to
the ground-state energy and excitation energy including
the effect of the massive spin sector. [26,27] This ma-
nipulation enables us to exactly calculate the critical ex-
ponents for spectral functions in the low energy regime.
The calculation is straightforwardly performed in a stan-
dard manner, [28–30] to yield the following expressions,
which are typical for TL liquids classified by c = 1 CFT,
E0 = Nǫ0 −
πvc
6N
,
E − E0 = ∆ǫs +∆ǫc = es(λ) +
2πvc
N
xc, (3)
where Nǫ0 is the ground-state energy in the thermody-
namic limit. The N -independent term ∆ǫs = es (so-
called surface energy) gives an excitation energy for the
massive spin sector. It is clearly seen that the spin excita-
tion ∆ǫs is decoupled from the charge excitation ∆ǫc. Ac-
cording to the finite-size scaling idea in CFT, the scaling
dimension for the charge sector is read from the univer-
sal 1/N corrections to the excitation energy ∆ǫc, which
is given as
xc =
1
4ξ2c
(∆Mc + n
(s))2 + ξ2c (∆Dc + d
(s))2, (4)
where ∆Dc and ∆Mc are the quantum numbers that
label current excitations and charged excitations, which
are subjected to the selection rule for fermions, ∆Dc =
−∆Mc/2. The quantity ξc = ξc(v0), often referred to as
the dressed charge, is given as [18]
ξc(v) = 1−
(∫ −v0
−π
+
∫ π
v0
)
1
2π
Θ
′
(v − v
′
, η)ξc(v
′
)dv
′
,
(5)
where
Θ(v, η) = 2 tan−1(coth(η) tan(v/2)). (6)
Note that the dressed charge features the U(1) critical
line of c = 1 CFT when we change the strength of in-
teraction or the density of electrons. Here, we stress
that the scaling dimension xc for the charge sector com-
pletely determines the critical behavior of the spectral
functions. Note, however, that two key quantities n(s)
and d(s), which contain the effect of the massive spin
sector, are introduced in (4)
n(s) =
(∫ −v0
−π
+
∫ π
v0
)
σs(v)dv,
d(s) =
1
2
(zs(π) + zs(−π))
+
1
2
(∫ −v0
−π
−
∫ π
v0
)
σs(v)dv, (7)
where
zs(v) = Θ(v − 2λ, η/2)
−
(∫ −v0
−π
+
∫ π
v0
)
Θ(v − v
′
, η)σs(v
′
)dv
′
,
σs(v) =
1
2π
Θ
′
(v − 2λ, η/2)
−
(∫ −v0
−π
+
∫ π
v0
)
1
2π
Θ
′
(v − v
′
, η)σs(v
′
)dv
′
.
These quantities are alternatively represented in terms
of the phase shifts δL and δR at the left and right Fermi
points in the massless charge sector: n(s) = δR+δL d
(s) =
δR−δL. Although the scaling dimension xc reflects c = 1
CFT for the massless sector, the massive spin sector also
contributes to the scaling dimension via n(s) and d(s), as
seen in (4). Note that the eq.(4) for scaling dimensions
is typical for shifted c = 1 CFT, whose fixed point is
different from that of the static impurity problem, as
pointed out by Sorella and Parola. [16,31]
We are now ready to investigate the critical properties
of the one-particle Green function G(x, t). According to
the spin-charge separation in elementary excitations for
1D systems, it is given by,
G(x, t) = i
∑
λ
θ(−t)ei∆ǫst−i∆psx
× < Ψ0|ψˆ
†(0)|λ >< λ|ψˆ(0)|Ψ0 > e
i∆ǫct−i∆pcx
=
∑
λ
Gs(x, t)×Gc(x, t). (8)
As is well known, the Green function Gs for the mas-
sive spin sector gives the exponential decay, e.g., in the
long-distance behavior of the equal-time Green function
G(x, t = 0). However, this is not true for the dynami-
cal Green function G(k, ω) around ω = ωs, for which the
massive spin excitation ws determines the shift of the en-
ergy, whereas the massless charge excitation still causes
the infrared singularity, resulting in the power-law be-
havior around ω = ωs. In order to clarify how such a
2
power-law singularity appears, we first concentrate on
the low-energy behavior of the Green function Gc in the
massless charge sector. Exploiting finite-size scaling tech-
niques in CFT, we can write down its asymptotic form
as
Gc(x, t)∼
eiQcx
(x− ivct)2∆
+(x+ ivct)2∆
−
, (9)
where vc is the velocity of charge excitations and Qc =
2QF (∆Dc + d
(s)). Here ∆± are conformal dimensions
which are related to the scaling dimension xc,
xc = ∆
+ +∆−. (10)
To get the critical exponent for the one-particle Green
function, we have to set ∆Mc = −1 and ∆Dc = 1/2 in
(4).
The spectral function A(k, ω) is now given via the
Fourier transformation as
A(k, ω) =
1
π
ImG(k, ω)∼(ω − ωs(k −Qc))
X(k), (11)
with the critical exponent X(k) = 2xc − 1. It is seen
from this formula that the most relevant singularity in
the spectral function occurs at frequencies determined
by the massive spin spectrum ωs(k − Qc), and the cor-
responding critical exponent X(k) is dependent on the
momentum k of an injected hole. Note that the quanti-
ties which give rise to the momentum dependence of the
critical exponent are the phase shifts n(s) and d(s).
The momentum dependence of a critical exponent
X(k) is shown in Fig. 1. Here the momentum is plot-
ted in the unit of inverse lattice spacing 1/a. It is clear
that X(k) has values with either a positive or a negative
sign, which respectively results in convergence or diver-
gence power-law behavior around the threshold energy
ωs(k − Qc). Therefore, we can say that the spectral in-
tensity around the threshold would be strongly momen-
tum dependent. In particular, for the region exhibit-
ing convergence power-law behavior, i.e. for X(k) > 0,
the edge singularity is completely smeared, and may not
be observed clearly in experiments. We note that the
plateaulike structures in part of the momentum region
in Fig. 1 for the case of small η (close to isotropic case)
reflect the fact that n(s) is weakly dependent on the mo-
mentum for the case of η ∼ 0.
We now proceed to another interesting anisotropic t-J
model,
H2 = − t P{
∑
i,σ
(c†i,σci+1,σ + c
†
i+1,σci,σ) }P
− J
∑
i
{σxi σ
x
i+1 + σ
y
i σ
y
i+1 + cos(2η)(σ
z
i σ
z
i+1 − 1)
+H(σzi − 1)}, (12)
where σ are Pauli matrices, η is a non-negative quantity
which parametrizes the anisotropy, and H is an applied
magnetic field. This model is realized by doping holes
into the integrable 1D XXZ spin model. [32] If the condi-
tion J/t≪ 1 is satisfied, we can perform the exact evalua-
tion of the critical exponents based on the idea of CFT. In
the following, we wish to deal with the case where a single
hole is doped into the above insulating XXZ spin chain,
for which the spin excitation still remains massless. Note
that the present system belongs to the same universality
class as the repulsive Hubbard model at half filling, and
the results obtained below should be complementary to
those of Sorella and Parola for the supersymmetric case.
[16]
We now investigate the critical behavior of the spec-
tral function at half filling in the limit J→0. Repeating
the same calculation as for the previous model (1), we
immediately end up with the following scaling dimension
for spin excitations,
xs =
1
4ξ2s
(∆Ms + n
(c))2 + ξ2s (∆Ds + d
(c))2, (13)
where the quantum numbers have been chosen as ∆Ms =
−1 and ∆Ds = −1/2 to satisfy the fermion selection rule
∆Ds = ∆Ms/2. The dressed charge ξs = ξs(Λ0), is given
by
ξs(Λ) = 1 +
∫ Λ0
−Λ0
1
2π
K(Λ− Λ
′
, η)ξs(Λ
′
)dΛ
′
,
(14)
where
K(Λ, η) =
sin 4η
sinh(Λ + i2η)sinh(Λ− i2η)
. (15)
The charge contribution to the massless spin sector is
explicitly written down in terms of two phase shifts
n(c) =
1
2
(m+ 1), d(c) = 0, (16)
where m is the magnetization of the system in the unit
of gµB = 1. Note that the spin and charge sectors in the
present model exchange their role compared with the t-J
model (1). It turns out that in the limit J→0, n(c) and
d(c) do not depend on the momentum of an injected hole,
in contrast to the model (1). The critical behavior of
the spectral function A(k, ω) is determined by the above
scaling dimension,
A(k, ω) =
1
π
ImG(k, ω)∼(ω − ωc(k −Qs))
X , (17)
where Qs = 2QF (∆Ds + d
(c)) and ωc(k) = −2 cos(k) is
the excitation spectrum for the massive charge sector.
The computed critical exponents X are shown in Fig.
2 as a function of the magnetization. For the completely
polarized case (m = 1), the dressed charge ξs equals
to unity as in the noninteracting case. Therefore, the
3
critical exponent takes the same constant value, −1/2,
even if the anisotropy parameter η is changed. In the
limit η → π/4 the XXZ model reduces to the XY model,
which is nothing but a free fermion model. Although it
is naively expected that the critical exponent for such a
free system is trivial, the presence of two phase shifts n(c)
and d(c) result in the nontrivial exponents, as is the case
for the ordinary X-ray singularity problem. In the oppo-
site limit, η → π/2, the XXZ model reduces to the XXX
model. The resulting critical exponent −1/2 at m = 0
exactly coincides with the one obtained by Sorella and
Parola, [15] and Voit. [17]
In summary, we have studied the critical properties of
spectral functions for the 1D anisotropic t-J models com-
bining the Bethe ansatz technique with finite-size scaling
methods in CFT. In particular, we have focused on the
models possessing an excitation gap either in the spin
or charge spectrum by exploiting the two anisotropic t-J
models. By investigating critical properties exactly, we
have seen that spectral functions show power-law behav-
ior around the threshold energies, as found by Sorella
and Parola for the isotropic supersymmetric model. The
singularity in spectral functions occurs at frequencies de-
termined by the dispersion of a massive excitation, re-
flecting the nontrivial interaction between two elemen-
tary excitations. It is interesting to extend the present
analysis to the case with orbital degeneracy, which would
provide useful information about optical response func-
tions for some Mn oxides, which have been investigated
intensively in recent years.
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FIG. 1. Momentum-dependent critical exponents X(k) for
the spectral function in the 1D anisotropic t-J model(1) for
which the spin sector is massive and the charge sector is mass-
less.
FIG. 2. Critical exponents X for the spectral function as a
function of the magnetization m. The model is the hole-doped
Heisenberg XXZ spin chain in the limit of J/t≪ 1, for which
the spin sector is massless and the charge sector is massive.
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